INTRODUCTION
The Hermitian symmetric space S0(2n)/U(n) is naturally identified with the twistor space 7" (R 2n ), the space of orthogonal complex structures on R 2n . Thus a curve in S0(2n)/U(n) can be thought of as a 1-parameter family of complex structures on R 2 ™, and the study of holomorphic curves in S0(2n)/U(n) pertains to the deformation problem of complex structures.
The case of SO(6)/U(3) is particularly appealing as this space is symmetric space isomorphic to CP S , albeit via a complicated isomorphism. (The space SO{4)/U{2) is symmetric space isomorphic to CP 1 , and the geometry of curves in 50(4)/Z7 (2) is trivial.) The study of holomorphic curves in SO(6)/U{3) yields a new perspective on the study of holomorphic curves, and more generally minimal surfaces, in CP 3 (see [2] )-
In the present paper we give a complete description of holomorphic curves in SO(6)/{/(3) in terms of orthogonal differential invariants. Given a Riemann surface M we derive a system of partial differential equations with 3 unknown functions, (T;), on M. These partial differential equations (Section 4 (II -3)) are the integrability conditions in the following sense: given a solution (T,-) one can manufacture a holomorphic curve by integrating a Frobenius system. To put it another way, a solution to the integrability conditions determines a holomorphic curve constructively up to integration involving ordinary differential equations only. Moreover, every holomorphic curve in SO(6)/U(3) arises in this manner.
THE SPACE OF ORTHOGONAL COMPLEX STRUCTURES ON R 2n
Let T(R 2n ) denote the space of orientation preserving orthogonal complex structures on R 2n . More precisely,
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A. Talmadge and K. Yang [2] where Aut + (R 2n ) denotes the set of orientation preserving automorphisms of R 2n . The space T(R 2 n ) can be identified with the Hermitian symmetric space S0(2n)/U(n) as we shall see below.
Let i: U(n) -• SO(2n) be the Lie group monomorphism induced by the identification
More explicitly, if one writes
where *5 = (ei, e n +i, e 2 , En+2» • • • , £n, £2n) and e< denotes the column vector with 1 at the ith entry and zeros elsewhere.
We put H = i(U(n)) C 5O(2n); we shall occasionally confuse H with U(n). Let A = (A a ) = (A\, ..., A2 n ) G S0(2n), and consider the assignment
given by the prescription t ^ n, that is, the matrix of JA with respect to the basis (A a ) is
This assignment induces a bijection
as it is easily seen that J A = JB if a n ( i only if the cosets AH and BH coincide.
In what follows we recall the root space decomposition of the Lie algebra o(2n). First define ejj to be the 2n x 2n with 1 at the (a, /?)-entry and zeros elsewhere. We [3] Holomorphic Curves 485 then define the following matrices in o(2n) ( o(2n) is thought of as the set of all 2 n x 2n real skew-symmetric matrices): where 1 ^ i < j ^ n. Now put
The root spaces of er(2n) relative to the standard maximal torus
where t is the Lie algebra of T , the trivial root space. The Lie algebra of H C 5O(2n) is given by so that h = Consequently is the orthogonal complement to f) relative to the Killing form. Via 7r» e , where ir is the projection 5O(2n) -> S0(2n)/H, m gets identified with the tangent space at the identity coset of SO(2n)/H: We also put
Recall that the space 5O(2n)/lA(n) has, up to conjugacy, exactly one integrable almost complex structure; this complex structure is characterised by letting the pullbacks of (©' <j ) (by a local section of S0 (2n) We shall use the metric coming from c = 1.
THE LINEAR ISOTROPY REPRESENTATION
In this section we explicitly compute the linear isotropy representation
For Z 6 U(n) one has the inner automorphism
where « = i(Z) E H. The map Inn z fixes the origin 0 = H G SO(2n)/H and we obtain the automorphism
is nothing but the adjoint representation of U(n) restricted to the invariant subspace m C o(2n) (Ad(JT)m C m). Then p = Ad| mIn what follows we take n = 3. Recall that a basis of m is given by 
Adz (E'ij) i s computed from the matrix multiplication i(Z)-E\ r i{Z)-\
Written out more fully,
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Similarly one computes Adz (F!j) • We want to write Adz (E'ij) and Adz (•*%) as linear combinations in (E^, F-j) . For this we define 3 x 3 matrices Jij by the formula:
Note that
-XJij *Y -
where {}i means identify Jki with E' u , and {}2 means identify Jti with F' kt .
It is more convenient to rewrite the above using complex notation. So we write where Z = (Zi) 6 U{n), and (ei) are the canonical basis vectors of C™. Extending linearly over the basis {ej A e ; -: 1 ^ i < j ^ n} of C^ one obtains the matrix representation p. However, the orbit structure of this action is very complicated for large n.
T H E FRENET FRAME ALONG A HOLOMORPHIC CURVE
Let M be a Riemann surface and consider a holomorphic map
We let e: U C M -» SO(6) denote a smooth local section of the J7(3)-principal bundle
The holomorphy of / is reflected by the fact that the forms are all of type (1, 0) on M.
INDEX CONVENTION. (12) = 1, (13) = 2, (23) = 3; 1 ^ t, j < 3, 1 < a, 0 < 6. So if h is a function of analytic type on U, then h is either identically zero or its zeros are isolated and of finite multiplicity (the integer 6 in the above definition).
It is known [1] that the functions of analytic type are exactly solutions of exterior equation
where $ is an n X n matrix of complex valued 1-forms on U and <p is a nowhere zero type (1, 0) form on U.
PROPOSITION . The function T\ : M -» R is an analytic type function on M.
PROOF: We will show that the local function
is of analytic type. Since n = X)|^*| > *^e r e s t follows. Exterior differentiation of both sides of the equations leads to
one uses the Maurer-Cartan structure equations of 50(6) and the equation 
re'* =
We then obtain the following
The above rule follows from the fact that Consulting (*) in the preceding section it is clear that near a point in M \ J^j we can make where r x = y/r^. Any lifting e achieving this will be called a first order frame.
Let e be any first order frame along / , and write w = e*ft. We then have Then Z Y = z^f 1 does the trick.
(El) ^[(«J-«J)+i(«2+wi)]=rip, (E2) «J=wj,«| = -wJ,

By way of notation we put
Note that rf> is of type (1, 0), and that and near a point in M \ £)i
We now exterior differentiate the relations (El -3) and construct the second order frames. We will use the Maurer-Cartan structure equations of 5 0 ( 6 ) . We will also need the structure equations for (M, <p • lp):
The purely imaginary 1-form Oc is the complex connection form with respect to <p, and is nothing but -i times the Levi-Civita connection form of (M, (<p 1 )) • Differentiating this equation one more time we obtain dBc --<p A^, K = the Gaussian curvature. 2
A. Talmadge and K. Yang [10] We now exterior differentiate the left hand side of (El):
On the other hand,
It follows that
Since dlogri is real and i(wl + w|) + &c is purely imaginary, we then must have
where * is the Hodge operator of (M, ds 2 ) . where Z is 5tf (2)-valued. We can write Z as From the formula w = i(fc -1 ) • w • t(fc) we compute that
Exterior differentiation of the first equation in (E2) leads to ( t ) u>lAip
We see from this that we can make Z 1 = r 2 > 0, and Z 2 = 0.
Summarising the preceding computation, we have PROPOSITION . Let f:M-* SO(6)/J7(3) be a nonconstant holomorphic map. iVear any point x £ M\ {X)i U S 2 } * n e r e exists a local lilting e into 50(6) such that in addition to (El -3) we have
where, as usual, w -e* Cl.
The totality of such frames, called the second order frames, is determined up to the structure group
PROOF: T2(/) = 0 means that the bundle of first order frames along / , denoted by L\, is an integral manifold of the exterior system f2£ = 0, 1 < A < 4, 5 ^ B ^ 6, on 5 0 ( 6 ) . (So a first order frame along / is a local section of L\ -> M.) It follows that Li is a translate of 50(4) x 50(2) C 5 0 ( 6 ) . Then f{M) is congruent to a submanifold of 50(4) x SO(2)/(U{3) D 50(4) x 50(2)) S 5O(4)/tf (2) s C P 1 .
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Hereafter we assume that T2 is not identically zero.
We now exterior differentiate both sides of the equations in (E4), and construct the third order frames. [12] We obtain from the first equation of (E4)
Consequently, {dlogr 2 -Be -*(<*>! -w | ) } A <p = 0. Therefore (F2) *dlogr 2 = i(B c + i{u\ -wj 1 )).
The remaining two equations in (E4), upon exterior differentiation, yield
Consequently, we can write We want to know how (3, b, cj are related to (a, 6, c) . PROOF: Any regular curve certainly gives rise to such a solution: this is the content of the frame construction given in the preceding section. Conversely suppose we are given such a solution (r;). Counting the number of independent equations in S we see that 5 defines a two-dimensional distribution on M x SO(6). Moreover, this distribution is completely integrable and, hence, defines a foliation on M x 5 0 ( 6 ) . The independence condition <p A 1p ^ 0 implies that a leaf of this foh'ation can be written locally as
U -+Ux S0{6), z H> (z, e{z)).
It is straightforward to verify that e(z) is a Frenet frame along / = ir o e, where 7r denotes the projection SO(6) -* SO(6)/Ef(3). D
COMPACT CURVES
In this section we give the integrated version of the integrability conditions (II -3) assuming that M is compact. where h(z) ^ 0 and z is a holomorphic coordinate. Moreover, we have where h(z) is never zero and n is a nonnegative integer. The integer n is the order of ip at z = 0 and we write ordoV> = n. The singular divisor of ds 2 , denoted by D^, is defined to be the zero divisor of rji. So
It is easy to see that D^ depends only on the singular metric, not on the particular choice of ip. The degree of Dj, is locally finite, and is the total number of zeros of r/> counted with multiplicity.
Given a singular metric ds 2 on M we have the usual Hermitian structure equations away from the support of the singular divisor: There is the available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700029981
